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MINKOWSKI TYPE PROBLEMS FOR CONVEX 
HYPERSURFACES IN HYPERBOLIC SPACE 

GLAUS GERHARDT 



Abstract. We consider the problem F = /{u) for strictly convex, 
closed hypersurfaces in H""*"^ and solve it for curvature functions F 
the inverses of which are of class {K"). 
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0. Introduction 

In the classical Minkowski problem in R"+^ one wants to find a strictly 
convex closed hypersurface M C R"+^ such that its Gauf5 curvature K equals 
a given function / defined in the normal space of M or equivalently defined 
on 5" 

(0.1) if = /M. 

The problem has been partially solved by Minkowski jj^l i Alexandrov , 
Lewy ,11 , Nirenberg ^'^d Pogorelov il5|, and in full generality by Cheng 
and Yau [2]. 

Instead of prescribing the Gaussian curvature other curvature functions F 
can be considered, i.e., one studies the problem 

(0.2) i^i,, = fiiy). 
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If F is one of the symmetric polynomials Hk, ^ < k < n, this problem has 
been solved by Guan and Guan [H] . They proved that H().2|l has a solution, if 
/ is invariant with respect to a fixed point free group of isometrics of S"". 

In a previous work |H| we solved the problem (|0.2|l for strictly convex 
hypersurfaces M C S'""'"^ and for curvature functions F the inverses of which 
are of class {K), see Definition 1.3]. These F include all Hk, 1 < k < n, 
|j4p, and also any symmetric, convex curvature function homogeneous of 
degree 1, cf. |S1 Lemma 1.6]. 

In the present paper we consider the problem 1U.2|I for strictly convex 
hypersurfaces in H"+^ and for curvature functions F the inverses of which 
belong to a subclass of {K), the so-called class (K*), cf. Definition 1.6]. 

Among the curvature functions F that satisfy this requirement are the 
Gausssian curvature F = K = Hn, and all curvature functions that can be 
written as 

(0.3) F = HkK", I <k<n, 

where a > is a constant, as well as positive powers of those functions. 

The Minkowski space R"+^'^ contains two spaces of constant curvature as 
hypersurfaces, namely, EII"+^ which is defined as 

(0.4) H"+i = { x e R"+i'i : {x, x) = -1, x° > } 

and the de Sitter space-time N , a Lorentzian manifold of constant curvature 
Kn = 1 

(0.5) N = {x {x,x) ^l}. 

We shall show in Section^jthat for any closed strictly convex hypersurface 
M C IHI"+^ there exists a Gaufi map 

(0.6) xeM ^ie M* C N, 

where M* is the polar set of M. M* is spacelike, also strictly convex, as 
smooth as M, and the Gaufi map is a diffeomorphism. 

On the other hand, for any given closed, spacelike, connected, strictly 
convex hypersurface AI C N there also exists a Gaufi map 

(0.7) X e M ^ i e M* C H"+i 

which maps AI onto a closed, strictly convex hypersurface in hyperbolic space. 
These Gaufi maps are inverse to each other. 

If we consider M C IHI"+^ as an embedding in of codimension 2, so 

that the tangent spaces Ta:{M) and T2,(IHI"+^) can be identified with subspaces 
of Ta;(IR"+^'^), then the image of the point a; under the Gaufi map is exactly 
the normal vector v e Tx{M"'^^) 

(0.8) x = i^e T^{m"+^) C T:,(M"+i^i). 

Thus, the equation HU.2|) can also be written in the form 
(0.9) ^U. yxeM, 

where / is given as a function defined in N. 
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Using 1)0. 6|l we shall prove that 1)0.9)1 has a dual problem, namely, 
(0.10) ^Im. VaieM*, 
where F is the inverse of F 
(0.11) F(Ki) = 

In the dual problem the curvature is not prescribed by a function defined 
in the normal space, but by a function defined on the hypersurfacc. 

Both problems are equivalent, solving one also leads to a solution of the 
dual one; notice also that 

(0.12) A/** = A/ A i^x. 

To find a solution we assume that {F,f^^) satisfy barrier conditions, cf. 
Definition for details. 
Then we shall prove 

0.1. Theorem. Let F £ C™'"(r+), 2 < m, < a < 1, be a symmet- 
ric, positively homogeneous and monotone curvature function such that its 
inverse F is of class (K*), let < f £ C'^'°'{N) and assume that the harrier 
conditions for {F,f^^) are satisfied, then the dual problems 

(0.13) ^^1,, = f{i) 

and 

(0.14) F^^,,^f-\i) 

have strictly convex solutions M resp. M* of class (7™+2.a^ where M* is 
spacelike. 

The paper is organized as follows: Section gives an overview of the 
definitions and conventions we rely on. In Section [21 we define the Beltrami 
map from H"+^ to R"+^ with the help of which we prove Hadamard's theorem 
for strictly convex hypersurfaces in IHI"+^ in Section O 

The Gauf5 maps and their properties are treated in Section 0] In the last 
three sections we prove the existence of a solution in N using a curvature 
flow method. 

1. Notations and definitions 

The main objective of this section is to state the equations of Gauf3, Co- 
dazzi, and Weingarten for hypersurfaces. Since we are dealing with hyper- 
surfaces in a Riemannian space as well as in a Lorenztian space, we shall 
formulate the governing equations of a hypersurfacc Af in a semi-riemannian 
(n-l-l)-dimensional manifold N, which is either Riemannian or Lorentzian. 
Geometric quantities in N will be denoted by (^q/s), (Rafijs), etc., and those 
in M by (gij), (Riju), etc. Greek indices range from to n and Latin from 1 
to n; the summation convention is always used. Generic coordinate systems 
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in N resp. M will be denoted by (a;") resp. (^*). Covariant differentiation 
will simply be indicated by indices, only in case of possible ambiguity they 
will be preceded by a semicolon, i.e., for a function u in N, (ua) will be 
the gradient and {ua/}) the Hessian, but e.g., the covariant derivative of the 
curvature tensor will be abbreviated by Ra0f5;e- We also point out that 

(1-1) Ra0jS;i = Ral3jS;eXi 

with obvious generalizations to other quantities. 

Let M be a spacelike hypersurface, i.e. the induced metric is Riemannian, 
with a differentiable normal v. We define the signature of u, a = a{u), by 

(1.2) a = gc,0u''u^ = {u,u). 

In case N is Lorentzian, cr = — 1, and v is time- like. 

In local coordinates, {x") and (^*), the geometric quantities of the spacelike 
hypersurface M are connected through the following equations 

(1.3) xfj = -ahijiy" 

the so-called Gaufi formula. Here, and also in the sequel, a covariant deriva- 
tive is always a full tensor, i.e. 



(1.4) Xj^j — x ^j r^jXf. + Fp^x^ Xj . 

The comma indicates ordinary partial derivatives. 

In this implicit definition the second fundamental form (hij) is taken with 

respect to —cny. 

The second equation is the Weingarten equation 

(1.5) = h^xt, 

where we remember that i^" is a full tensor. 
Finally, we have the Codazzi equation 

(1.6) hij-k - hik-j = Ra0jS'^°'x^x]xk 
and the Gaufi equation 

(1.7) Rijki = (T{hikhji - hiihjk] + Ra^jsxfx'^ xlxf. 

Here, the signature of v comes into play. 

Now, let us assume that iV is a globally hyperbolic Lorentzian manifold 
with a compact Cauchy surface. Then N is & topological product K x <So, 

where Sq is a compact Riemannian manifold, and there exists a Gaussian 
coordinate system (x"), such that the metric in N has the form 

(1.8) dslj = e^'f' {-dx^^ + <7,j{x° ,x)dx'dx^, 

where Uij is a Riemannian metric, ^ a function on N , and x an abbreviation 
for the spacelike components (a;*). 

We also assume that the coordinate system is future oriented, i.e. the time 
coordinate increases on future directed curves. Hence, the contravariant 
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time-like veetor (^") = (1, 0, . . . , 0) is future directed as is its covariant ver- 
sion (Cc) =e2V'(-l,0,...,0). 

Let M = graph be a spacelike hypersurface 

(1.9) M ^ {{x°,x): x° ^u{x), X €So}, 
then the induced metric has the form 

(1.10) gij = e^'^i-UiUj + a^j} 

where aij is evaluated at (m,x), and its inverse (5*-') — [gij)^^ can be ex- 
pressed as 

(1.11) g^J ^e-^'^ia'^ + - — 
where {<J^^) = (cij)"^ and 



u° — a'-'u 



''^'^'^^ ^l~a'^u,Uj = l-\Du\^. 

Hence, graphw is spacelike if and only if \Du\ < 1. 

The covariant form of a normal vector of a graph looks like 

(1.13) (j/„) =±z;-ie'^(l,-wO- 
and the contravariant version is 

(1.14) =Tv~^e~'^il,u'). 
Thus, we have 

1.1. Remark. Let M be spacelike graph in a future oriented coordinate 
system. Then, the contravariant future directed normal vector has the form 

(1.15) ^v-^e-'f'il,u') 
and the past directed 

(1.16) (i^") = -w-^e-'^(l,u*). 

In the GauB formula (|1.3|l we are free to choose the future or past directed 
normal, but we stipulate that in general we use the past directed normal 
unless otherwise stated. 

Look at the component a = in (|1.3|l . then we obtain in view of (|1.16|l 

(1.17) e'^^v^^hij = -Uij ~ r^QUiUj - r^iUj - r^^'^i - 

Here, the covariant derivatives a taken with respect to the induced metric of 
M, and 

(1.18) e-^/i,,, 

where (hij) is the second fundamental form of the hypersurfaces {a;° — const}. 
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2. The Beltrami map 

Let R"+^'^ be the (n + 2)-dimensional Minkowski space with points x = 
(x"), < a < n + 1, where x'^ is the time function. 
The submanifolds 

(2.1) H"+i = { X e M"+i'i : (x, x) = -1, a;° > } 
and 

(2.2) iV = {xeK"+i'i: (x,a;) = l} 

are spaces of constant curvature. 11"+^ is the (n+ l)-dimensional hyperbohc 
space with constant curvature K = —1, and A'' is a Lorentzian manifold with 
constant curvature K^^ = 1, the de Sitter spacc-timc. 

N is globally hyperbolic, as can be seen by introducing polar coordinates 
in the Euclidean part of the Minkowski space such that the metric in M"+^'^ 
is expressed as 

(2.3) ds'^ = -dx^"^ + dr"^ + r^aijdCd^^, 

where aij is the metric in S'". 
Then N is the embedding 

(2.4) N = {{x",r,e):r=^l+\xO\^, a;° G M, ^ G }, 
i.e., N = R X S"- topologically and 

(2.5) ds% = e^'l'{-dT^ + UijdCdS,^}, 
where 

(2.6) r = £ ^ A ^ = \\og{l + \xy). 
Notice that A'' is simply connected, since n>2. 

Let us analyze a special representation of IHI"+^ over the unit ball -Bi(O) C 
K"+^ in some detail. 



2.1. Lemma. Let tt he the so-called Beltrami map 
IT : H"+i ^ Bi(0) C R"+^ 

(2-7) 

(x°,x^)->y= (f,). 

Then n is a diffeomorphism such that, after introducing Euclidean polar co- 
ordinates (r, ^) in -Bi(O), the hyperbolic metric can be expressed as 

(2.8) ds' = 3^1 ,2(1 ,2) ^^' + <^ijded^'} 
or, if we define r by 

(2.9) dT = J-^ dr, 

rv 1 — 
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(2.10) 



T is uniquely determined up to an integration constant. 

Proof. Writing the points in ]HI"+^ in the form (a;°, z) such that 

(2.11) _|2;"|2 + |2|2^_l 

we deduce 

(2.12) , ^ =, y=4T: 
hence 

(2.13) ^-\y) = { ^ ^ 



is a bijective mapping from -Bi(O) onto H"+^. 

In polar coordinates (y") = (''i C); 1 < a < n + 1, 

(2.14) x^7r-\y) = {^=L=,^fL=), |C| = 1, 

V 1 — 7" V 1 — 

and the form 1)2. 8|l of the hyperbohc metric can be deduced from 

(2.15) gap ^ {xa,xi3), l<a,/3<n + l. □ 

Now, let us denote the coordinates {t,C) as usual by (x"), < a < n, 
T — x^, and let {(jap) be the metric in H2.10|l . 

Let {gap) be the Euclidean metric in i?i(0) in the coordinate system (i") — 
(f, x'), such that 

= g^pdx'^di^ = r^{df^ + a,,dCdC^} 

(2.16) 

EE e^'^ldf^ +aydf }, 

where 

(2.17) dr = r-'^dr. 

Writing f = (p{t) we deduce 

df df dr 
dr dr dr 



,„ „x uT ar ar , / 



Let M C ]HI"+^ be an arbitrary closed, connected, strictly convex embed- 
ded hypersurface, then M is the boundary of a convex body M. Without 
loss of generality we may assume that xq = (1,0) = 7r~^(0) is an interior 
point of M. Then M can be written as a graph in geodesic polar coordinates 
centered at xq, cf., e.g., Section 4], or equivalently, as a graph over 5" in 
the coordinates (r, x*) 

(2.19) M = graphu = { r = u{x) : x € S*" }. 
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Because of H2.18|l M can also be viewed as a graph M in Bi (0) with respect 
to the Euchdean metric 

(2.20) M = graphw = {f = X e 5*"}. 
Then we derive 

(2.21) u^tp{u). 

Denote by {gij,hij) resp. {gij,hij) the metric and second fundamental 
form of M with respect to the ambient metrics {(jap) resp. {e~'^'^gap), and 

similarly let {gij,hij) resp. {gij,hij) be the geometric quantities of M with 
respect to the ambient metrics (ga/3) resp. (e'^^ga/s)- 



Then we have 
(2.22) h.^e-'f' = + '^v'^kj 



and 

(2.23) h,e-^ ^kj + ^v-^h,, 



where 
(2.24) 



(2.25) = l + a'^UiUj, 

see e.g., Prop. 12.2.11]. 

Moreover, there holds 

(2.26) gij = UiUj + aij 
and 

(2.27) hij = -UijV^^, 

where {uij) is the Hessian of u with respect to the metric (cr.y). Analogue 

formulas are valid for g^j and hij . 
Hence we deduce 

(2.28) h.je-'^ = -u,jv-^ + ^v'^9^J 
and 

(2.29) h,je~"^ = -UijW"^ + ^v'^g^j. 

Using the relations 

(2.30) iii = ipui, 
and 

(2.31) Uij = ipuij + (puiUj, 
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where 

(2.32) = Vl ifi = -^^ 
we obtain after some elementary calculations 

(2.33) hijV = (1 - r^)hijV, 
i.e., M is also strictly convex. 



Moreover, let = a'^^uj, then 



■„2 



(2.34) 

since 

(2.35) 0^ = 1 - < 1 
and we conclude 

(2.36) hiv > hfv, 
hence, 

(2.37) hi>iil>Ji. 

Note also, that in points where Du = there holds 

(2.38) Iv>=lv>, 

i.e., the principal curvatures are then identical. 
Thus, we have proved 

2.2. Lemma. Let M c 11"+^ be a closed, connected, strictly convex hy- 

persurface, then the Beltrami map tt maps M onto a closed strictly convex 
hypersurface M C -Bi(O). Moreover, expressing the normal vectors u resp. 9 
of M resp. M in the common coordinate system (r, ^*) yields that they are 
collinear. 

Proof. Only the last statement needs a verification. Up to a positive factor 
the covariant normal vector (va) has the form 

(2.39) (j.„) = (1,-Ui) 
and {i'a), in the coordinate system (r, $'), 

df 

(2.40) {9c) = -^i) = (V"' -<PUi) = </9(l, -Ui). □ 

2.3. Remark. The results of the preceding lemma can also be applied to a 
local embedding of a strictly convex hypersurface M that can be represented 
as a graph in geodesic polar coordinates centered in the Beltrami point (1, 0) 
regardless which side of M the Beltrami point is facing. 
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3. Hadamard's theorem in hyperbolic space 

3.1. Theorem. Let AIq be a compact, connected n-dimensional manifold 
and 

(3.1) x:Mo^ H"+i 

a strictly convex immersion of class C^, i.e., the second fundamental form 
with respect to any normal is always (locally) invertible, then the immersion 
is actually an embedding and M = x{Mo) a strictly convex hypersurface 
that bounds a strictly convex body M C 11"+"'^. Af and Mq are moreover 
dijfeomorphic to S*" and orientable. 



Proof. Since we shall again employ the Beltrami map, we consider H""''^ as 
a hypersurface in R"+^^^ and M as a codimension 2 immersed submanifold 



in R"+i'i, i.e. 



(3.2) X : Mo -> 

The Gaussian formula for M then looks like 



X, 



(3.3) Xij — Qij"^ 

where gij is the induced metric, hij the second fundamental form of M consid- 
ered as a hypersurface in H"^^, and x is the representation of the (exterior^) 
normal vector v = (i/") of M in T(H"+i) as a vector in r(M"+i^i). 

Without loss of generality we may assume that the Beltrami point (1,0) 
does not belong to M, since the isometries of 11"+^ act transitively. Let tt be 
the Beltrami map such that 

(3.4) 7r(l,0) = OeR"+^ 
and denote by ip its inverse 

(3.5) = TT-i : R"+i H"+i C ]R"+^'^ 
Corresponding to the immersion x = x{^) we then have an immersion 

y = TT o X 

(3.6) 2/:Mo^R"+^ 

Let M C R"+^ be its image and gij hij, v = (i>") its geometric quantities. 
We shall prove that M is an immersed, closed strictly convex hypersurface 
and hence an embedded hypersurface, due to Hadamard's theorem, cf. |lti| . 

In view of the relation 

(3.7) X = ip o y 

we shall then deduce that x — a;(^) is an embedding. 



^Notice that for any closed, connected immersed hypersurface in EI"+^ an exterior 
normal vector can be unambiguously defined. 
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The inverse Beltrami map provides an embedding of H"+^ in ]R"+^'^, 
i.e., we have the Gaussian formula 

(3.8) ipap = (jaP^, 

where gafj is the induced metric 

(3.9) gap = {LPa.'^p)- 

Differentiating 1)3. 7|l covariantly with respect to the metric gij of M we 
obtain 

(3.10) 



= favTj + ga^yTyjV, 
in view of (|3.8|) . 

Indicate covariant derivatives with respect to the metric gij by a preceding 
semicolon such that 

(3.11) y-ij = -hiji>, 
then 

(3.12) y,,=y,,,-{r^^-rt^}yk, 
hence, we derive from H3.1()|l 

(3.13) X,, = ^ay% - {r^. - r^j}y'i^a + gcpyfy^^. 

Let V — {v") be the exterior normal of M expressed in the coordinates 
(y") of then the representation a; of in T(M"+-'^'^)is given by 

(3.14) i = Lp^v" 

as can be easily checked. 

From (|3.3|l and (|3.13(l we then deduce 

(3.15) = - {xij.ip^v'^) = hijgaf3iy°'h''^, 
where we used 

(3.16) Xk = (fiayk 
and 

(3.17) (xfc,5)=0. 
Thus, it remains to prove that 

(3.18) gapi^^i^^ + in Mo. 

So far we haven't used the fact ^ M, or equivalently, (1,0) ^ Af, but now 
we introduce polar coordinates (y") in R"+^ such that y^ — r and distinguish 
two cases 

(3.19) 
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and 
(3.20) 

where the metric is the one in EII"+^. 

In Eudidean polar coordinates {y") = (r, the hypcrbohc metric {ga/i) 
has been expressed in (|2.8|) . Hence, if H3.19|l is vahd, we deduce 

(3.21) i/" = 0, 

and infer further, in view of H3.17|l . 

= = {ipa,ip/3)y"l^^ 



(3.22) 



from which we conclude that 

(3.23) -gcpy?!^^ = 0, 

where gafs is the Euclidean metric expressed in polar coordinates. 
Thus, 1/ and i/ are coUinear, if l|3.19|l is valid. 

On the other hand, if the assumption H3.2()|l is satisfied, then M, or more 
precisely, a local embedding of Mq can be written as a graph in polar coor- 
dinates, i.e., we are in the situation where the results of Lemma 12.21 and the 
equations H2.39|l . H2.40|l can be applied locally, cf. Remark 12.31 and we deduce 
again that z/, i> are collinear. 

Therefore, Hadamard's theorem yields that the immersion is actually an 
embedding and that Mq, and hence M, is diffeomorphic to 5'". □ 



4. The Gauss maps 

Let M C H"+^ be a closed, connected, strictly convex hypersurface given 
by an embedding 

(4.1) x: Mo-> M. 

Considering M as a codimension 2 submanifold of R"+^^^ such that 

(4.2) Xij — gij^ hijX^ 

where x € T2,(M"+^'^) represents the exterior normal vector v e 21r(H"+^), 
we want to prove that the mapping 

(4.3) X : Mo N 

is an embedding of a strictly convex, closed, spacelike hypersurface M. We 
call this mapping the Gaufi map of M. 

First, we shall show that the GauB map is injective. To prove this result 
we need the following lemma. 
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4.1. Lemma. Let AI C H"+"'^ be a closed, connected, strictly convex hy- 
persurface and denote by M its (closed) convex body. Let x E AI be fixed and 
X be the corresponding outward normal vector, then 

(4.4) {y,x)<0 yyeM 

and also strictly less than unless y = x. 

The preceding inequality also characterizes the points in M , namely, let 
y e H"+i be such that 

(4.5) (y,i)<0 \/x£M, 
then y e M. 

Proof. .. (14.411 " Let y € intM be arbitrary and let z = z{t), < t < d he 
the unique geodesic in H"+^ connecting y and x such that 

(4.6) z(0) ^x A z{d) = y 

parametrized by arc length. 

Viewing 2 as a curve in R"+^'^ the geodesic equation has the form 

(4.7) ^^Tt^ = ^- 

If the coordinate system in is Euclidean, the covariant derivatives are 

just ordinary derivatives. 

It is well-known that the geodesic z is contained in M and that 

(4.8) (i(0),i)<0; 

notice that, after introducing geodesic polar coordinates in IE1I"+^ centered in 
y, we have 

(4.9) (i(o),i) = -(|-,:.) 

and hence is strictly negative, cf. Section 4]. 

Thus, ip{t) = {z(t),x) satisfies the initial value problem 

(4.10) (p^ip, (^(0) = 0, 95(0) <0, 
and is therefore equal to 

(4.11) ^(t) = -Asinht, A > 0, 
i.e., 

(4.12) ip{t)<{) yt>o. 

Now, let y € M, y ^ x, be arbitrary, and consider a sequence Zk of 
geodesies parametrized in the interval < t < 1, such that 

(4.13) z{0)=x A zk{l)^y, 

where Zfe(l) G intM. 

The geodesies Zk converge to a geodesic z connecting x and y. If 

(4.14) (i(0),i)<0. 
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then the previous arguments are vaHd yielding 

(4.15) {y,i)<0- 
On the other hand, the alternative 

(4.16) {y,i)^0 

leads to a contradiction, since then the geodesic z would be part of the 
tangent space Tx{M) which is impossible, cf. the considerations in ^ after 
the equation (4.17). 

„y £ Af" Suppose now that y E IP^^ satisfies (|4.5f) . and assume by 
contradiction that y G C-Af. Pick an arbitrary xq € intM and let z = z{t), 
< t < d, he the geodesic joining xq and y parameterized by arc length, such 
that z(0) = Xq and z{d) = y. The geodesic intersects M in a unique point x, 
X = z{ti), <ti < d. 

Define 

(4.17) ^{t)^{z{t),i) 
and let < to < d he such that 

(4.18) ^{to) = sup{ip{t): <t < d}. 

We now distinguish two cases. First, we assume f{to) > 0, then there must 
hold < to < d and ip{to) = 0. Thus ip satisfies the initial value problem 

(4.19) <f^^, ip{to) > 0, vj(io) = 0, 
and must therefore be equal to 

(4.20) ip{t) = Acosh(t - to), A > 0, 

which is a contradiction, since if(0) < 0. 

Hence, we must have f(to) = and we may choose to — ti, i.e., there 
holds </j(ii) = 0, which is a contradiction too, because of the inequality H4.8|l . 
which now reads <^(ii) > 0. 

Therefore we have proved y E M . □ 

4.2. Theorem. Let x : Mo M C H"+^ be the embedding of a closed, 
connected, strictly convex hypersurface, then the Gaufl map defined in (|4.3|) 
is injective, where we identify M"^^'^ with its individual tangent spaces. 

Proof. We again assume M to be a codimension 2 submanifold in M"+-'^'^. 
Suppose there would be two points pi ^ p2 in Mo such that 

(4.21) iipi)=i{p2), 
then the function 

(4.22) (p(y) = (y,i(pi)) 

would vanish in the points x{pi) as well as x{p2) contrary to the results of 
Lemma 14.11 □ 
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4.3. Lemma. As a submanifold of codimension 2 Af satisfies the Wein- 
garten equations 

(4.23) X, = gfxk 
for the normal x and also 

(4.24) Xi = gfxk 
for the normal x. 

Proof. We only have to prove the non-trivial Weingarten equation. 
First we infer from 

(4.25) (x,i)=0 
that 

(4.26) = {xt,x) + {x,Xi) ^ {x,Xt). 
Furthermore, there holds 

(4.27) 0=(i,i,), 
since {x,x) = 1. Hence, we deduce 

(4.28) = afa;fc. 
Differentiating the relation {xj , i) = covariantly we obtain 

(4.29) {ij,x,)^h^j 

and we infer H4.23(l in view of H4.28|l . □ 
We can now prove 

4.4. Theorem. Let x : Mq — > Af C 131"+-'^ be a closed, connected, strictly 
convex hypersurface of class C™, m > 3, then the Gaufl map x in (I4.3|l is 
the embedding of a closed, spacelike, achronal, strictly convex hypersurface 
M C N of class C"-i. 

Viewing M as a codimension 2 submanifold in M"^^'^, its Gaussian for- 
mula is 

(4.30) Xij = —cjijX + hijX, 

where gij , hij are the metric and second fundamental form of the hypersurface 
M C N, and x = a;(^) is the embedding of M which also represents the future 
directed normal vector of M . The second fundamental form hij is defined with 
respect to the future directed normal vector, where the time orientation of N 
is inherited from M"^^'^. 

The second fundamental forms of M , M and the corresponding principal 
curvatures Ki, ki satisfy 

(4.31) h^j = hij ^ {xi,Xj) 
and 

(4.32) = nl^. 
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Proof, (i) From the Weingarten equation l|4.23|l we infer 

(4.33) gij = (xi^Xj) = h^hhj 

is positive definite, hence x ~ x{^) is an embedding of a closed, connected 
spacelike hypersurface, where we also used Theorem 14.21 

Since N is simply connected, we conclude further that M is achronal and 
thus can be written as a graph over the Cauchy hypersurface {0} x 5" which 
we identify with S" 

(4.34) M = graph {t|g„ C N, 
cf. [H P- 427] and 6, Prop. 2.5]. 

(ii) The pair (cc, x) satisfies 

(4.35) (x,f)=0 

and we claim that x is the future directed normal vector of AI in x, where as 
usual we identify the normal vector = (t>") e Tx{N) with its embedding in 

T5;(R"+1'1). 

Differentiating H4.35|l covariantly and using the fact that 5; is a normal 
vector for M we deduce 

(4.36) Q={x,x^), 

i.e., X and x span the normal space of the codimension 2 submanifold M . By 
the very definition of IHI"+^ x is a future directed vector in M"+^'-'^. 

Let us define the second fundamental form hij oi M C N with respect 
to the future directed normal vector D £ Tj(7V), then the codimension 2 
Gaussian formula is exactly (|4.3U|) because of (|4.36|) . 

Differentiating the Weingarten equation H4.23|l covariantly with respect to 
the metric g.^ and indicating the covariant derivatives with respect to gij by 
a semi-colon and those with respect to g-ij simply by indices, we obtain 

(4.37) = hljXk + h'^x,kj 
and we deduce further 

(4.38) hij = -{x.ij,x) = -h'l{xkj,x) = h^gu] = h^j. 
On the other hand, we infer from H4.36|l 

(4.39) hij — (x;2j,x) — (^Xi^Xj^ 

which proves H4.3f |l . 

The last relation follows from and l|0^ . □ 

We can also define a Gaufi map from strictly convex, connected, spacelike 
hypersurfaces M C N into H"+^ such that the two Gaufi maps are inverse 
to each other. 
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4.5. Theorem. Let M <Z N he a closed, connected, spacelike, strictly 
convex, embedded hypersurface of class C™, m > 3, such that, when viewed 
as a codimension 2 submanifold in M"^^'^, its Gaussian formula is 

(4.40) Xij = -gi]X + hijX, 

where x = x{^) is the embedding, x the future directed normal vector, and cjij, 
hij the induced metric and the second fundamental form of the hypersurface 
in N . Then we define the Gaufl map as x ^ x{^) 

(4.41) X : M ^ H"+i C R"+^'^ 

The Gaufl map is the embedding of a closed, connected, strictly convex hy- 
persurface M in H""*'"'". 

Let gij, hij be the induced metric and second fundamental form of M , 
then, when viewed as a codimension 2 submanifold, M satisfies the relations 



(4.42) Xij — gij-^ hijX, 

(4.43) htj = hij = {xi,Xj), 
and 

(4.44) = kr\ 



where the corresponding principal curvatures. 

Proof. The fact that x — x{^) is the immersion of a closed, connected, strictly 
convex hypersurface M satisfying the relations (|4.42() . (|4.43l) . and 14.44|l fol- 
lows along the lines of the proof of the previous theorem. 

Using Theorem 13. II we then deduce that the immersion is an embedding. 

□ 

Combining the two theorems, looking especially at the Gaussian formulas 
(|4.3UI) and (|4.42l) . we immediately conclude that the GauB maps are inverse 
to each other, i.e., if we start with a closed, strictly convex hypersurface M C 
11"+^, apply the Gaufi map to obtain a spacelike, strictly convex hypersurface 
M C N, and then apply the second GauB map, then we return to M with a 
pointwise equality. 

Denoting the two Gaufi maps simply by a tilde, this can be expressed in 
the form 

(4.45) X = 5, 

or, equivalently, in the form of a commutative diagram 

M M 

(4.46) \^ / 

M 
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Before we give an equivalent characterization of the images of the Gaufi 
maps, let us show that the images of strictly convex hypersurfaces by the 
Gaufi maps are as smooth as the original hypersurfaces. 

4.6. Theorem. Let M C H"^^ he a closed, connected, strictly convex 
hypersurface of class C""'", m > 2, < a < 1, then M C N , its image under 
the Gaufi map is also of class C™'". 

The corresponding regularity result is also valid, if we start with a closed, 
spacelike, connected, strictly convex hypersurface in N and use the Gaufi map 
to embed it into H"+-^. 

Proof. We only consider the case when we apply the Gaufi map to M C ]HI"+^. 
Moreover, without loss of generality we shall also assume that the Beltrami 
point (1,0) is not part of M. 

(i) First, let us assume that m > 3 and < a < 1. The Gaufi map is then 
of class (7™-!."^ i.e., M is of class C™'^^'". Here, we use the coordinates (^*) 
for M also as coordinates for M. The metric cjij and the Christoffel symbols 
of M are then of class C""~^'" resp. C™^'^'", while the second fundamental 
form hij is of class (7™-2,q^ view of (|4.31|l . 

Representing now M as a graph over S", 

(4.47) M = graph M|3„ 

in conformal coordinates, i.e., we use the coordinates defined in the formulas 
(|2.3|l to (|2.6() denoting them this time, however, by (t, x*) instead of (r, ^*), 
since (^') are supposed to be given coordinates for M. 

Notice that the transformation (x'(^'^)) is a diffeomorphism of class 
(jrn-i,a^ sincc the underlying polar coordinates (a;°,r, a;*), defined in (|2.3|l . 
also cover that part of R"+^'^ that contains M, due to our assumption at 
the beginning of the proof. Hence, expressing the Gaufi map in this ambient 
coordinate system 

(4.48) i(C) = (x"(C),r(C),x^(e)), 
where 



(4.49) r = VT+|a?T, 

we deduce 

= -YTW^'-' + (1 + \A')oux^^'i 

in view of (|2.3|) . proving that the Jacobian (a;^) is invertible. 

Thus, we conclude that the second fundamental form hij expressed in the 
new coordinates (x*) is still of class C"^-"^'" _ 

We want to express the covariant derivatives Uij of u with respect to the 
metric Oij in terms of hij to deduce that Uij is of class C™^^^'"^ , and hence 



u G C""'"(S'"). 
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To achieve this we define a new metric gap in the ambient space 

(4.51) gap = e'^'^gap, 

where gap is the metric in (j2.5(l . Let gij, hij and i) be the obvious geometric 
quantities of M with respect to the new metric, then there holds 

(4.52) h^.e-"^ = h,,+^ai^''g,, 

cf. H2.23|l . where we aheady used this formula. 

On the other hand, hij can be expressed in terms of the Hessian u-ij of u 
with respect to the metric aij, namely, 

(4.53) hij = u-ijV'^, 
i.e., 

(4.54) hije'"^ ^ u-ij + ■)pa'>°'i-UiUj + aij), 

hence, u-ij is of class C™'~^'°'. 

(ii) The case m = 2 and < a < 1 follows by approximation and the 
uniform C^'"-estimates. Notice that the approximating second fundamental 
forms will converge in C". □ 

4.7. Definition, (i) Let M C H"+^ be a closed, connected, strictly convex 
hypersurface, then we define its polar set M* <Z N hy 

(4.55) M* ^ {y e N: sup{x,y) =0}, 

where the scalar product is the scalar product in ]R"+^'^ and x, y are Eu- 
clidean coordinates. 

(ii) A similar definition holds, if AI C is a spacelike, closed, connected, 
strictly convex hypersurface M C N, then 

(4.56) Af* = { 2/ e H"+i : sup (x, y) = }. 

4.8. Theorem. The polar sets agree with the images of the Gaujl maps. 

Proof. Again we only consider the case M C 11"+^. 
In view of Lemma 14.11 there holds 

(4.57) M c M*. 

On the other hand, let y G M* and a; g M be such that 

(4.58) {x,y)^0. 

Then we deduce, after introducing local coordinates in M, 

(4.59) {x^,y)^0 
and 

(4.60) {x^J,y)<0, 
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where the derivatives are covariant derivatives with respect to the induced 
metric gij of M being viewed as a codimension 2 submanifold. 
Combining 14.58|l and H4.59|) we infer 

(4.61) y = ±x, 

but because of H4.42(l and (|4.6()|l we deduce y — x. □ 
Let us conclude the section with 

4.9. Theorem. The Gaufl maps provide a bijective relation between the 
connected, closed, strictly convex hypersurfaces M C M""*"^ having the Bel- 
trami point in the interior of their convex bodies and the spacelike, closed, 
connected, strictly convex hypersurfaces M C N^, where 

(4.62) N+^{x(zN:x^>0}. 

The geodesic spheres with center in the Beltrami point are mapped onto the 
coordinate slices = const}. 

Proof, (i) Let M C H"+^ be closed, strictly convex such that po S intM, 
where po = (1, 0, . . . , 0) e According to Lemma ITTl H"+i C 

can be written as the embedding of M"+^ via the inverse ip — tt^^ of the 
Beltrami map tt, and M can be represented as M = graph in geodesic 
polar coordinates centered in poj or niore precisely, in the coordinates (r, ^'). 
A moment's reflection reveals that the Gaufi map of M is given by 

(4.63) i = t/err(H"+^), 

where v is the exterior normal. In geodesic polar coordinates the normal v 
is given by 

(4.64) (!.") =«£-'''( 1,-mO, 

where v = and u' = a^^Uj] notice that the metric in H"+^ is expressed 
as in lEHnj. 

Hence, we deduce from (|2.14|l 

(4-65) ^° = (TT^--" = 7f^^ > 0' 

i.e., M c N+. 

If Af is a geodesic sphere, then we deduce from (|4.63|) and H4.64|l that it 
is mapped onto a coordinate slice in N+. 

(ii) To prove the inverse relation, consider a spacelike, closed, connected, 
strictly convex hypersurface M C Af+. Assuming the coordinate system in 
(E31l, (E31), N+ can be viewed as the embedding of M"+i\i?i(0) in M."+^'^ 
via the map 



(4.66) X = v?(r, = (v/r2 - 1, r^), ^ e S" . 
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The GauB map from M into H"+^ can then be expressed as 

(4.67) X = ip^v'^, 
where 

(4.68) v = ie-'l'{\,u') 

is the future directed normal vector in x G M . Let M C IHI"+^ be its image. 
Then we have to show that the Behrami point po is an interior point of the 
corresponding convex body, or equivalently, that 

(4.69) {pa,x)<Q Vx S M, 

in view of the second part of Lemma l4.1l But we immediately deduce 



(4.70) {po,x) =-^r-^ -1, 

in view of (|4.66|l . 

Again we conclude from H4.67|l that coordinate slices are mapped onto 
geodesic spheres. □ 

5. Curvature flow 
Let us now consider the problem of finding a solution of 

(5.1) Fu. = f{v), 

where is a curvature function defined in the open positive cone /+ C R", 
< / is a function defined in the normal space of M, and M C ]HI"+^ is a 
closed, connected, strictly convex hypersurface yet to be determined. 

Using the results of the previous section, especially Theorem 14 . 41 and The- 
orem 14.51 we can reformulate the problem equivalently by assuming that 
< / e C^'°'{N), < a < 1, is given and a closed, strictly convex hypersur- 
face M C H"+^ is to be found satisfying 

(5.2) ^u. -/(£) VxeM, 

where a; ^ i is the GauB map corresponding to M. 

Let M C N he the image of M under the GauB map, which is identical 
with the polar M* of M, and let F be the inverse of F, i.e., 

(5.3) F(^,) = — 

then the equation (|5.2|) is equivalent to 

(5.4) F|^.^=ri(i) VxeM, 

in view of (|4.32|) . where now the right-hand side depends on the points x € M, 
and M C is a closed, spacelike, connected strictly convex hypersurface in 
the de Sitter space N with curvature Kjy ~ 1. 

We solved problems of this kind in ^ Theorem 0.2] assuming barrier 
conditions and some additional hypotheses. In that paper we denoted the 
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curvature function, the right-hand side and the hypersurface by F, /, and 
M, which would correspond to the present notation F, /^^, M. 

Let us stick to the last notation just long enough to formulate the condition 
for F, namely, we assume that F is of class {K*), where the class [K*] is 
defined in Definition 1.6] as 

5.1. Definition. A symmetric curvature function F G C^ "(/ + ) n C"(/ + ) 
of class [K)"^ is said to be of class {K*), if there exists < eg = ^o{F) such 
that 

(5.5) eoFH <F'^h,kh'; 

for any positive symmetric tensor (hij). Here (hij) and a Riemannian metric 
(gij) should be defined in a given tensor space T"'^, and H stands for the 
trace of {hij) 

(5.6) H^g'^h,,. 



5.2. Remark. Functions F that can be written as 
(5.7) F = GK", a > 0, 

where K is the Gaussian curvature and G an arbitrary function of class {K) , 
including the case G = 1, which doesn't belong to [K), are of class [K*], cf. 
[HI Proposition 1.9]. 



Thus, we shall solve the original problem H5.2() for curvature functions F 
satisfying the requirement that their inverses F e [K*). 
Notice that in case F ~ K there holds 

(5.8) F = Fe{K*). 

We shall also assume without loss of generality that F is homogeneous of 
degree 1, and hence concave, cf. |S1 Lemma 1.2]. 

Now that we have formulated the condition for F, let us switch notations 
to enhance the readability of the text and to simplify the comparison with 
former results, and let us rewrite the equation l|5.4|l in the form 

(5.9) F^^^^fix) yxeM, 

where F e (K*), < / is defined in N and M C is a closed, spacelike, 
connected, strictly convex hypersurface, where its second fundamental form is 
defined with respect to the future directed normal, in contrast to our default 
convention to consider the past directed normal. 

In order to make the comparison with former results and techniques easier, 
we therefore switch the light cone, so that the future directed normal is now 



"^For a definition of the class (K) see Definition 1.1]. 
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past directed, and replace the time function t in p. 6(1 by — r without changing 
the notation, i.e., x'^ is still the time function inherited from M"+^-^, but 

(5.10) ^ = -(i + |,0|2)^ 

and the coordinate slices with positive curvature are now contained in {t < 
0}. 

We want to solve equation 1(5.9(1 . For technical reasons, it is convenient to 
solve instead the equivalent equation 

(5.11) ^>(F)|„ =<?(/), 
where is a real function defined on such that 

(5.12) <i> > and S<0. 
For notational reasons, let us abbreviate 

(5.13) f = Hf)- 

We also point out that we may — and shall — assume without loss of gener- 
ality that F is homogeneous of degree 1 . 

To solve ((5.11(1 we look at the evolution problem 

(5.14) i = (<^-/>, 

x(0) = xo, 

where xq is an embedding of an initial strictly convex, compact, space-like 
hypersurface Mq, — 'l'{F), and F is evaluated at the principal curvatures of 
the flow hypersurfaces M{t), or, equivalently, we may assume that F depends 
on the second fundamental form (/ly) and the metric (gij) of M{t); x{t) 
is the embedding of M{t), and v is the past directed normal of the flow 
hypersurfaces M{t). 

This is a parabolic problem, so short-time existence is guaranteed — the 
proof in the Lorentzian case is identical to that in the Riemannian case, 
cf. p. 622] — , and under suitable assumptions, which we are going to 
formulate in a moment, we shall be able to prove that the solution exists for 
all time and converges to a stationary solution if t goes to infinity. 

In N we consider an open, connected, precompact set fl that is bounded 
by two achronal, connected, spacelike hypersurfaces Mi and M2, where Mi 
is supposed to lie in the past of M2. 

We assume that < / S C^'"(J7), < a < 1, and that the boundary 
components Mi act as barriers for (F, /). 

5.3. Definition. M2 is an upper harrier for (F, /), if M2 is strictly convex 
and satisfies 



(5.15) 
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and Ml is a lower barrier for {F, /), if at the points U C Mi, where Mi is 
strictly convex, there holds 

(5.16) < /. 
S may be empty. 

To simplify some calculations that are to follow, we introduce an eigen 
time coordinate system in TV, i.e., we write the metric in the form 

(5.17) ds^ = -dr^ + cosh^ ra^jd^d^^ , 

where aij is the standard metric of S". The time function r is globally 
defined, and due to our convention the uniform convex slices are contained 
in {t < 0}. 

This preceding relation can be immediately deduced from (|2.5|) and (|2.6|l . 
The special form of the metric with cosh^ r is of no importance. The crucial 
facts are that N has constant curvature, ^ is a timclikc unit vector field, 
and the coordinate slices {r = const} are totally umbilic. 

Notice also that, if M = graph u is a spacelike hypersurface, the previously 
defined quantities v and v arc identical to those defined in the new coordinate 
system 

(5.18) v"^ — 1 — g^^UiUj, cjij — cosh^ raij. 

However, when applying the formulas in Section^one should observe that 
in the present coordinate system the terms in equation l|1.8|) should read 

(5.19) -0 = A (Trj=gtj. 

We now consider the evolution problem (|5.14|) with Afp = M2. Then the 
flow exists in a maximal time interval / — [0, T*), < T* < 00, and, as we 
have proved in [B} Section 4] , there holds 

5.4. Lemma. During the evolution the flow hypersurfaces stay inside D. 
The hypersurfaces M(t) can be written as graphs over S" 

(5.20) A//(t) =graphM(t, •), 

such that, if the barriers are expressed as Mi = graph u^, i — 1, 2 , we have 

(5.21) ui < u < U2 
and the quantity 

(5.22) - ^ 



V^-\Du\^ 
is uniformly bounded for all t Cz I . 

Moreover, the initial inequality F > f is valid throughout the evolution, 
which can be equivalently formulated as 

(5.23) ^ > f. 

Let us now look at the evolution equations satisfied by u, u, and hj. 
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5.5. Lemma. Let M{t) = graph •)|3„ be the flow hyper surf aces, then 
u satisfies the parabolic equation 

(5.24) u - SF'^u^-j = -w(<P - /) + vSf - SF'^h.j, 

where 



(5.25) S 



^ A u^^ 
dr 



Proof. These equations immediately follow from the relations H1.17|l . (|1.18(l 
and (|5.14(l by observing that 

(5.26) u = x°. 

Notice that u is the total time derivative, where „time" is just the usual 
name for the flow parameter. □ 

5.6. Lemma. The quantity v satisfies the evolution equation 

i - Sf'^v.j = ^<^F'^h,kh]v - [(<? - /) - 'PF]h,jeii'v'^ 

(5.27) + 2SF'^h'^hM - K^SF'^g.ji - 2r'^<PF'^ mUjV 

+ KN^F'^u.Ujd + ffjx'^u', 

where R is the principal curvature of the slices {r = const}, 

(5.28) = g'^Uj 
and Kn — 1 for the de Sitter space-time. 

Proof. Let (r/a) — (— 1,0,...,0) be the covariant vector field representing 
— Differentiating v — r]aV°' covariantly with respect to the induced metric 
of M, where (z^") is the past directed normal, we obtain 

SF'^i^j = - SF'^h^kh^i + [(<? - /) - SF]T]^f3iy''i^^ 

- ^d^F^^h'^x'^xlvcp - SF^^rj^p.x^^x],,'^ 
(5-29) . . _ a 

-^F'^R^p^siy^x^xy^rj.x^g''' 

- fpx^xtvcg'^ 

where the ambient space can be a general Lorentzian manifold, cf. [HJ Lemma 
4.4]; however, in the general case the definition of 77 has to be adjusted, since 
it has to be a unit vector field. 

Now, if the ambient space is a space of constant curvature Kn, the term 
containing the Riemannian curvature tensor vanishes, and we shall show that 
the crucial term 

(5.30) -F'^Tjo.0^x^x],^" 
can be expressed as claimed. 
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First we observe that the second fundamental form hij of the coordinate 
shces {t = const} is given by 

(5.31) ^ -lg,j. 

Secondly, the vector field {rja) is a gradient field, namely, 

(5.32) (77Q)=grad^ 
with 

(5.33) ip{T,x'-) ^ -T. 
Since Dip is a unit vector field, we have 

(5.34) ^aPf°' = ff3a^°' = 0. 

The restriction of 1^9 to a coordinate slice is constant, hence, differentiating 
Lp covariantly with respect to the induced metric tjij , we deduce 

(5. 00) ^ _ _ _/3 

where 

(5.36) X — {t,x\ . . . ,x"), T = const, 

is the embedding of the coordinate slice, and we conclude 

(5.37) (fapxfx'^ = -ipaD'^hij = -hij 

as well as 

(5.38) (Pal3'^'^ = 0. 

Differentiating H5.37|l covariantly with respect to the induced metric of the 
coordinate slices, we infer 

(5.39) ifafjjxfx'llxl = -hij-k = 0, 

in view of (|5.31|) . where we also used H5.38|l . 

Finally, differentiating H5.34|l covariantly, we conclude 

(5.40) = ifapff" + Va0fj- 

We can now evaluate the term 

(5.41) -■naP-tV°'x^i x] = -ipal3jl^°'x'^x] 

with the help of the relations 15.39|l and H5.40|) yielding 



Ui 



(5.42) = -ykihkj - vk'^hmiu'^Uj - vh^^hmjU' 

+ KjyVUiUj, 

where we applied the Ricci identities. 

The indices of hij are raised with the help of the metric gij . 

Taking then (|5.31(l into account completes the proof of the lemma. □ 
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The equation H5.27|l can be even simplified further by using the same 
argument as in the case of its Riemannian analogue, cf. 0] Lemma 5.8]. 
Let 7] = Tjir) be a positive solution of the ordinary differential equation 

(5.43) ij = -K,^^-firj, 
notice that rj is defined for all r e R, and set 

(5.44) X = 
Then we can prove 

5.7. Lemma. The function x satisfies the evolution equation 

(5.45) X - ^F''X^J = ^'tF^'hk^h'^^x + [(<? - /) + '^F]vRx + /aX>'i;x, 
for any value of Kn ■ 

Proof. Differentiating (|5.44() we deduce 

X - <PF^^Xii ^ {v - (i>F"^Vij}r] + {ii- (PF"-^ Uij}vr] 

(5.46) . .. . .. 

— 2f]<PF^^ViUj — vii<PF^^UiUj. 

Now we first observe 

(5.47) ^ = - f = -Hl^l' + ^o^gz^^j^"}?? + fi^V 

= KnT]- 
Secondly, from 

(5.48) v^ = l + \\Duf 
we derive 

Vi — vUijU^ = —hijU-' + hijU-'v 

(5.49) - _ 

— —hijU-' + KUii), 

hence we obtain 

(5.50) -2fiSF'^d^Uj = -2KT]SF'^h^ku''uj + 2K^F'^u,UjV'n. 
Inserting (|5.47() and 15.50|l in (|5.46() we conclude 

X - ^F^^Xij = ~ ^F'^Vijjri - R{u ~ <PF"^Uij}vri 

(5.51) - 2kSf'^ h^ku'^Ujr] + 2k'^Sf'^ u^ujiii 

- KN^i^F^'uiUjVri, 

from which the result immediately follows, in view of (|5.24() and 15.27|l . □ 

5.8. Remark. Since the flow stays in a compact subset and the hypersur- 
faces M{t) are uniformly convex, there exist positive constants ci, C2 such 
that 

(5.52) < ci < X < C2. 
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This follows immediately from the observation that in a point, where Dx — 0, 
there holds 

(5.53) h^ju^ = 0, 

hence Du = 0, and thus x = V- 

In case of a Lorentzian space form the evolution equation for the second 
fundamental form is a rather simple expression. 

5.9. Lemma. The second fundamental form (hj) satisfies the differential 
equation 

hi - SF'^'hl.^^ = -SF'^'hrkh'^hl + m„h^^ - (<? - f)h'yhi 
- hpx'^xlg^^ - hu^y^ + d>F^'''''hu;.hJ 

(5.54) 

+ <PF,F^ 

+ Kn{{<P ~ f) + <^F5l - SF'^'gkihl}. 

Proof. The evolution equation for in a semi-Riemannian manifold has been 
derived in 6 , Lemma 3.5]. 

If the ambient space is a Lorentzian space form N with curvature Kn, 
and if M is a spacelike hypersurface with normal v, then the former equation 
reduces to (15 .5411 . 

For Riemannian space forms, this equation has already been established 
in 01 Corollary 5.4]. Of course, in the stationary case, this identity was first 
proved by J. Simons in 1.1 TJ. □ 

6. Curvature estimates 

We are now able to prove the a priori estimate for the principal curvatures 
of the M{t). 

6.1. Lemma. Consider the flow in a maximal interval I — [0,T*), choose 
<P — log, and assume that the initial hypersurface M2 is of of class C^'", 
where F G (K*) and < f G C^'"(i7). Then there are positive constants 
ki,k2, depending only on F, f and Q, such that the principal curvatures Hi 
are estimated by 

(6.1) < A:i < < fc2. 

Proof. It suffices to prove an upper estimate for since F\g^ = 0. 

We observe that u, v and x ^-re already uniformly bounded, and that x is 
also uniformly positive, cf. R.emark 15.81 

Let if and w be defined respectively by 

(6.2) ip = snp{K,7j'7j^:M=l}, 

(6.3) w ^\ogip + Xx, 
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where A is a large positive parameter to be specified later. We claim that w 
is bounded for a suitable choice of A. 

Let < T < T*, and xq = xo{to), with < to < T, be a point in M{to) 
such that 



(6.4) supw < sup{ sup w: < t < T} = w{xo). 

Mo M(t) 

We then introduce a Riemannian normal coordinate system (^*) at xq G 
M(to) such that at xq = a; (to : Co) we have 

(6.5) gij = Sij and ip = h". 

Let fj — (jf) be the contravariant vector field defined by 

(6.6) 7?= (0,...,0,1), 
and set 



(6.7) ^■ 



If)! 



(p is well defined in neighbourhood of (to,Co)- 

Now, define w by replacing Lp hy ip in (|6.3|1 : then, i5 assumes its maximum 
at (to, Co)- Moreover, at (to, Co) we have 

(6.8) ^^K, 

and the spatial derivatives do also coincide; in short, at (to, Co) 'f' satisfies the 
same differential equation H5.54|l as K^. For the sake of greater clarity, let us 
therefore treat /ij^ like a scalar and pretend that w is defined by 

(6.9) w = \oghl + Xx. 

At (to, Co) we have w > 0, and, in view of the maximum principle, we 
deduce from \h.b\ . 15.54|l . and 15.45|l 



< 4>Fhl -i<P- f )hl + Aci - Xeo<PFHx 

+ Xc,[{<P-f)+<i>F] 

+ <PF^^{logh-Uogh-J, 

+ {3f,,f^ + <PF'''^-'hki;nK,."}{h';,)-\ 

where we have estimated bounded terms by a constant ci, assumed that h", A 
are larger than 1, and used H5.5|l as well as the simple observation 

(6.11) \F''h';f^,k\ < \\v\\F 

valid for any tensor field {rjik). 

Now, the last term in (|6.10|l is estimated from above by 

(6.12) {SFnF'' + SF-^Fr.F''}{hl\)-^ - <pr^ h„,,^h^^.^{h^r\ 
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cf. [HI Lemma 1.5], where the sum in the braces vanishes, due to the choice 
of (p. Moreover, because of the Codazzi equation, we have 

(6.13) ^m;n — ^nn\i: 

and hence, we conclude that l|6.12|l is bounded from above by 

(6.14) -{KT^Sf^'K.^^K.^^. 

Thus, the terms in H6.10|) containing the derivatives of ft," sum up to some- 
thing non-positive. 

Choosing then in H6.1()(l A such that 

(6.15) 2 < AeoX 
we derive 

0< -SfH - i^- fW] 

(6.16) " \ 

+ Xci[{$- f)+$F] + Xci. 

We now observe that "PF = 1, and deduce in view of (|5.23() that /i" is a 
priori bounded at (iojCo)- D 

The result of the preceding lemma can be restated as a uniform estimate 
for the functions u{t) € C^(5'"). Since, moreover, the principal curvatures 
of the flow hypersurfaces are not only bounded, but also uniformly bounded 
away from zero, in view of (|5.23|) and the assumption that F vanishes on 
(9/ + , we conclude that F is uniformly elliptic on M{t). 

7. Convergence to a stationary solution 

We are now ready to prove Theorem lO.il Let M{t) be the flow with initial 
hypersurface Mq — M2. Let us look at the scalar version of the flow 

(7.1) |^^_^(^_/), 
cf. equ. (3.5)]. 

This is a scalar parabolic differential equation defined on the cylinder 

(7.2) Qt- = [0,T*) X 5" 

with initial value u{0) — U2 E C"*'"(5"). In view of the a priori estimates, 
which we have established in the preceding sections, we know that 

(7.3) lul < c 
and 

(7.4) ^(^) is uniformly elliptic inu 

independent of t. Moreover, (1>{F) is concave, and thus, we can apply the 
regularity results of Chapter 5.5] to conclude that uniform C^'"-estimates 
are valid, leading further to uniform C'*'"-estimates due to the regularity 
results for linear operators. 

Therefore, the maximal time interval is unbounded, i.e. T* — oo. 
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Now, integrating H7.1|l with respect to t, and observing that the right-hand 
side is non-positive, yields 

(7.5) uiO,x)~u{t,x)^ f vi<P-f)>cf {<P-f), 

Jo Jo 

i.e., 

(7.6) / \<P-f\<oo Vx e S"" 
Jo 

Hence, for any x G there is a sequence tk ^ oo such that (?? — /)—> 0. 
On the other hand, u{-,x) is monotone decreasing and therefore 

(7.7) hm u(t,x) — u{x) 

t — >oo 

exists and is of class C"*'"(S'") in view of the a priori estimates. We, finally, 
conclude that m is a stationary solution of our problem, and that 

(7.8) lim (<? - /) = 0. 

t — S-OO 
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